Torus knot s as Hopfions 
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We present a direct connection between torus knots and Hopfions by finding stable and static 
Solutions of the extended Faddeev-Skyrme model with a ferromagnetic potential term. (P, (5)-torus 
knots consisting of |(3| sine-Gordon kink strings twisted P/Q times into the poloidal cycle along 
the toroidal cycle on a toroidal domain wali carry the Hopf charge PQ, which demonstrates that 
Hopfions can be further classified according to torus knot type. 



Around one and half centuries ago, Lord Kelvin pro- 
posed that atoms are made of vortex knots [1] . Although 
this theory was rejected, his research lead Tait to de- 
vise the celebrated knot theory in mat hemat ics. Since 
then, knot theory has become an important subject in 
topology. One useful construction of knots is the torus 
knot, in which a braid group on strings on a torus is 
manipulated. Torus knots are characterized by two in- 
tegers P and Q representing the number of string twists 
along the torus and the number of strings, respectively. 
Torus knots of vortices or line defects have been investi- 
gated broadly in physics [2 : fluid mechanics and plasma 
[3], helium superfiuid [4], Bose-Einstein condensates of 
ultracold atoms |5], nonequilibrium systems ^, colloids 
[7] , optics [8] , excited media [^ , quantum chromodynam- 
ics [10], and classical field theory [11 . 

On the other hand, in high-energy physics, a field the- 
oretical model admitting knot-like solitons, namely, the 
Faddeev-Skyrme (FS) model [12 , which is an 0(3) sigma 
model with four derivative (Skyrme) terms, was pro- 
posed. Stable (un) knots were first constructed in Refer- 
ences [TT, TT . More generally, this model admits solitons 
having a topological charge, i e., a Hopf charge classified 
by the homotopy group 7r3(6'^) ^ Z, which are referred 
to as Hopfions \lb\ [16]. (Un) stable Hopfions have also 
been investigated in various physical systems such as ex- 
otic superconductors [17], ferromagnets [18], and Bose- 
Einstein condensates [19]. Stable Hopfions with higher 
Hopf charges in the FS model were numerically con- 
structed [15 , and in particular the first nontrivial knot 
structure appears in Hopfions with the Hopf charge 7 
[201 [21]. Knot structures were also found in Hopfions 
with potential terms [22'-'24]. While it was conjectured 
[15 that all torus knots can be constructed as Hopfions, 
a precise connection between Hopfions and knots remains 
unclear. 

In our previous paper [25 , we considered the Faddeev- 
Skyrme model with a ferromagnetic potential term, that 
is, a potential term quadratic in the field [26l [27 ad- 
mitting two discrete vacua and a domain wali with a 
U{1) modulus interpolating between them [27H29] . Hop- 
fions can be constructed as twisted closed lump (baby 



Skyrmion) strings |T3l [30], which are characterized by 
the number of twists P and the lump (baby Skyrmion) 
charge (J, which takes a value in 7r2(5'^) !:^ Z of the con- 
stituent lumps. We found that the Hopfions are all in a 
toroidal shape, that is, toroidal domain walls, and that 
the /7(1) modulus of the domain wali is twisted P and Q 
times along the toroidal and poloidal cycles of the torus, 
respectively. The Hopf charge C was found to be the 
product C — PQ^ and consequently the Hopfions with 
the Hopf charge C can be further classified according 
to two topological charges P and Q. We explicitly con- 
structed stable (P, Q) Hopfion solutions with P and Q 
from one to three, resulting in the Hopf charges, 1, 2, 3, 
4, 6, 9. An immediate question arises. Aren't there any 
knot structures for Hopfions with higher Hopf charges in 
this model, unlike the conventional Hopfions? 

In this Letter, we find a direct connection between 
Hopfions and torus knots in a different manner from [15] . 
We show this by deforming the ferromagnetic Faddeev- 
Skyrme model [25l [27] , with adding a further potential 
term linear in the field, considered in the original baby 
Skyrme model [31 . The total potential is well known in 
condensed matter physics as ferromagnets with two easy 
axes. With this potential, we previously found in the 
case of d = 2 -\- 1 dimensions that \Q\ sine-Gordon kinks 
appear on a domain wali [32 or a domain wali ring [33] 
with the lump charge Q. For the {P^Q) Hopfions, \Q\ 
sine-Gordon kink strings appear on the toroidal domain 
wali, which are twisted P/Q times into the poloidal cycle 
along the toroidal cycle with forming (P, (5)-torus knots. 
We numerically construct stable Hopfions in this model 
and find that the Hopf charge C is the product PQ of 
(P, (5)-torus knots. In other words, Hopfions with the 
Hopf charge C can be further classified according to the 
torus knot type. 

We start with the Lagrangian density of the FS model: 

C = Id^n • d^n - kF^^F^, - V{n), 

n • n = 1, F^j, = n • {d^n x dj,n) , 

where a unit three vector n = {ni{x)^n2{x)^ns{x)) of 
scalar fields is characterized as a point in the 5^ tar- 



get space. In the original FS model with no potential, 
V{n) = O, three-dimensional Hopfion structures are sta- 
bilized in addition to the vacuum state. Next, we intro- 
duce the potential: 

V{n) = V^{n)^V2{n), 
Vi{n) = m\l - ns){l + na), ^2(71) = -/^^m. 

In the context of the baby Skyrme model m d = 2 -\- 
1, only V2 [31] or Vi [26l [29] was considered. Here, 
we consider both terms in the regime m ^ P > O 
[32] [33] . This potential is known in ferromagnets with 
two easy axes. The potential Vi allows two discrete 
vacua 77,3 = ±1 and a domain wali interpolating be- 
tween the vacua. V2{n) slightly shifts these vacua to 
n = {-P'^/2m,0,±^/l^^py4m^), but this shift is neg- 
ligible in the regime of /3 <C m. It is, however, important 
for the domain wali solution. Inside the domain wali 
where 77,3 = O, n takes a value in S^ within the rii- 
712 plane, and ^2(71) chooses 7ii = 1 as the most stable 
state inside the domain wali. In addition to the uniform 
rii = 1 solution on the domain wali, there also exists 
a sine-Gordon kink soliton solution constrained on the 
domain wali, where n in S^ is wound from one rii = 1 
point to the other ni = 1 point through the rii = —1 
point in the ni-n2 plane. In the (3 + l)-dimensional 
space, the kink soliton is a (1 + l)-dimensional string on 
the (2 + 1) -dimensional domain wali world- volume [32] . 
Here, we briefiy recall the Hopfion structures in the 
original FS model without the potential term, starting 
from the baby Skyrmion (lump) string in the FS model. 
Baby Skyrmions can be constructed by mapping the two- 
dimensional space at the fixed boundary to the S'^ target 
space for n, as shown in Fig. [ija). Figures[TJb)-(e) show 
typical spatial configurations of n for baby Skyrmions. 
For all of the baby Skyrmions shown in these figures, 
the States at the center and the boundary are fixed to 
ns = 1 and ns = —1, respectively. Differences between 
these figures can be found in the configurations in the 
gray colored annuli areas, where n is twisted once in 
the clockwise direction for Figs. [ijb) and [ijc), once in 
the anticlockwise direction for Fig. [ijd), and twice in 
the clockwise direction for Fig. [lle) within the ni-n2 
plane along the annulus. This number of twists counts 
the number of baby Skyrmions and is equivalent to the 
topological lump (baby Skyrmion) charge 
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The charge Q is +1 in Figs. [TJb) andjTJc), —1 in Fig. 
[ijd), and +2 in Fig. [ije). Baby Skyrmions, as shown 
in Figs. [ijb) and [ijc) can be continuously transformed 
by twisting n around the 77,3 direction, because these 
Skyrmions have the same topological charges Q. 

Next, we consider three-dimensional structures con- 
structed from baby Skyrmions. The simplest and non- 
trivial one is the twisted baby Skyrmion strings shown in 
Fig. [2] There are sequences of baby Skyrmions along one 




FIG. 1. Examples of baby Skyrmion structure. (a) S'^ 
target space of n. 773 = 1 (north pole) and 723 = —1 
(south pole) are denoted by and 0, respectively. Di- 
rections on the equator (713 = 0) are denoted by arrows: 
(711,712) = (1,0), (-1,0), (0,1), and (0,-1) for right, left, up, 
and down arrows, respectively. (b)-(e) Spatial configurations 
of n for baby Skyrmions. The gray shaded annuli denote re- 
gions in which ns ^ 0. The topological charges defined in 
Eq. ([3| of baby Skyrmions in (b) [(c)], (d), and (e) are +1, 
— 1, and +2, respectively. 



direction (the z-axis) in real space, and each slice is made 
of baby Skyrmions with the lump charges Q = 1 and 
(5 = 2 in Fig. [2|a) and|2Vb), respectively. The number 
of twists P in a segment of the twisted baby Skyrmion 
string is defined as the rotation angle 2itP of n in the 
ni-n2 plane in the target space from the bottom baby 
Skyrmion to the top baby Skyrmion [P = 1 for both 
Figs. |2|a) and|2|b)]. In the figures, we further show the 
loci of rii = —1, which become kink soliton strings on 
a cylindrical domain wali when V{n) 7^ 0. The locus of 
77,1 = —1 is rotated clockwise along the axis by 27r from 
the bottom to the top in Fig. [2|a), and each of two loci 
of 77.1 = — 1 is rotated by tt in Fig. [2|b). In general, when 
a twisted baby Skyrmion string of the lump charge Q has 
P twists, there exit Q loci of 77,1 = —1 rotated clockwise 
along the axis by 27rP/Q. 

Next, we look at Hopfions. Hopfions can be con- 
structed as twisted closed baby Skyrmion strings by join- 
ing the tops and bottoms of twisted baby Skyrmion 
strings [131 [2ll [30] , as shown in Fig. [3] In baby Skyrmion 
rings, the surface defined by 77.3 = O is in the form of a 
torus dividing the region of 77,3 = ±1. On any section 
of the torus in a plane containing the z-axis, there is a 
pair of a baby Skyrmions with charge Q{> 0) and an anti- 
baby Skyrmion with charge —Q.ln Fig.IsFa), the number 
of twists is P = O for the constituent baby Skyrmion, and 
the configuration of n does not change along the ring. In 
Fig. |3jb), on the other hand, n is rotated by 27r in the 
77.1-77,2 plane in the target space along the ring with the 
number of twists P = 1. In general, baby Skyrmion rings 
can be characterized by the topological lump charge Q of 





{P,Q) 

=(1,2) 



FIG. 2. Twisted baby Skyrmion string. The gray ns = O 
surfaces have cylindrical structures that separate the regions 
of and 0. Along the cyhnders, there are sequences of baby 
Skyrmions with the charges of (a) (J = 1 and (b) (5 = 2. 
From the bottom baby Skyrmion to the top baby Skyrmion, 
n rotates by 27rP (P = 1) in the ni-n2 plane, defining the 
number of twists P. The red and green Unes indicate the 
locus of the ni = — 1 state along the cyhnder. 



the constituent baby Skyrmions and the number of twists 
P along the ring. The Hopf charge C of 7r3(6'^) c^ Z de- 
fined by 



C 



4^^ y 



d^a 
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3(l + nfc) 
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is equivalent to the product PQ of the number of twists 
P and the constituent lump charge Q. To show this, we 
promote configurations with the target space 5*^ to those 
with S^ by the Hopf map. We introduce two complex 
scalar fields (j)^ = (^1,^2) with the constraint of |^ip + 



1^: 



|2 _ 



1 which parametrizes (p hy S^ o:^ SU {2). The 



three-vector scalar fields n^ can be written by the Hopf 
map 

ni = ^Vi^, (z = 1,2, 3) (5) 

with the Pauli matrices a^. We next consider an ansatz 

(j) = (cosi^e-^^^ sini^e^^®) , 

R = cos~"'^{sin/(r) sin^}, 

sin/(r) cos6> 



6 



- tan 



-cos/(r) 



(6) 




■^x 



FIG. 3. Untwisted (a) and twisted (b) baby Skyrmion rings. 
The gray ns = O surfaces have torus structures that separate 
the regions of and 0. As the baby Skyrmion ring is rotated 
along the z-axis with from O to 27r, n on the torus does not 
twist in (a) and twists by 27r in (b), (c) Deformed twisted 
baby Skyrmion ring with V (n) 7^ 0. When V (n) is switched 
on, the ni = 1 (^) state on the gray toroidal domain wali 
is stabilized, which makes the ni = — 1 (^) state the kink 
soliton string constrained on the toroidal domain wali. The 
thick line indicates the position of the kink soliton. 



with the polar coordinate (r, ^, (j)). Here, a monotonically 
increasing function /(r) satisfies the boundary condition 



/(r ^ 0) ^ O, /(r ^ 00) ^ TT. 

From the Hopf map in Eq. ([5|, we have 

n = [sm{2R)cos^ sm{2R)sm^ cos(2i?)) , 
^ = P(I)^QG. 



(7) 



(8) 



The configuration given in Eq. ([8| is isomorphic to a torus 
knot with (P, Q) and its Hopf charge C can be obtained 
through the Hopf map in Eq. ([5| from the Skyrme charge 



(a) (P,Q) =(1,1) C =l (b) (P,Q)=(1,2) C=2 (c) (P,Q)=(1,3) C=3 



(d) (P,g)=(2,l) C=2 (e) (P,Q)=(2,2) C=A (f) (P,Q)=(2,3) C=6 




(g) (P,Q)=(3,1) C=3 (h) (P,Q)=(3,2) C=6 (i) (P,Q)=(3,3) C=9 





FIG. 4. Toroidal domain wali (transparent green surface) and kink soliton strings (blue, red, and purple surfaces). The Hopf 
charge C{— P) is 1 in (a)-(c), 2 in (d)-(f), and 3 in (g)-(i). The topological charge Q of the underlying lump is 1 in (a), (d), 
and (g), 2 in (b), (e), and (f), and 3 in (c), (f), and (i). The green surface is the isosurface of ns = 0. The blue, red, and purple 
surfaces are isosurfaces of ni = —0.97. We use a numerical box of unity in size that satisfies the Neumann boundary condition. 
We fix 13'^ /m^ = 0.1 in ah cases, and n/m^ = 2.50 x 10~^ in (a), (d), and (g), /^/m^ = 1.25 x 10~^ in (b), (e), and (h), and 



tv/r 



■ 6.25 X 10 ^ in (c), (f), and (i). In (e) and (i), different rings of kink soliton strings are shown by different colors. 



TTS (6'^) ^Zoi the fields ^ in Eq. (|6|: 

C := ^ fd^xe^'''''sadis,d2ScdsSd 

PQ f^ d 

= / dr —- {f (r) - sin /(r) cos /(r)} 

= PQ, 



(9) 



with (/>! = si-\-is2 and (j)2 = ss-\-is4 (a, b^c^d = 1, 2, 3,4). 
We now consider the potential term F (n), which allows 
the vacua ris ~ ±1. For baby Skyrmions in d = 2 + 1, 
rings defined by ns = O become domain wali rings by 
the potential Vi. Furthermore, on the domain wali rings, 
the points of ni = 1 are stabilized and the points of 



ni = — 1 become sine-Gordon solitons by the potential 
V2. As a result, \Q\ sine-Gordon solitons appear on do- 
main wali rings as baby Skyrmions with the lump charge 
Q in d = 2 + 1 [3?. For the Hopfions in (i = 3 + 1, 
the toroidal surface defined by ns = O becomes a do- 
main wali separating the two vacua 77,3 = ±1, as shown 
inFig.IsFc). Furthermore, \Q\ sine-Gordon soliton strings 
appear on the toroidal domain wali. Along the longitude 
of the torus of the domain wali, the kink soliton strings 
are rotated by 27rP/(5, forming a (P, (5)-torus knot [34]. 
Therefore, the Hopfions with the charge C{= PQ) in the 
original FS model correspond to (P, (5)-torus knots of 
the kink soliton strings on the toroidal domain wali in the 
FS model with V (n) 7^ 0. In other words, Hopfions are 



further classified into topologically distinct (P, Q) torus 
knots with fixed C = PQ. 

We numerically construct solutions of (P, (5)-torus 
knots by solving the Euler-Lagrange equation 



Sn 



dC 
dn 



d^ 



dC 



^d{d^n) 



O 



(10) 



in the relaxation method. We introduce a relaxation time 
r and the dependence of n on r, and calculate the large-r 
behavior for the equation: 



dn 

S7 



5n' 



(11) 



The initial configurations of n at r = O are given by 
Eq. ([8|, the configuration of which is isomorphic to a 
Hopfion with the charge C = PQ. Furthermore, in this 
configuration, the isosurface of 713 = O takes a torus con- 
figuration, and loci of ni = — 1 on the torus take the form 
of a (P, (5)-torus knot. As a result, we can obtain the 
solution for the (P, (3)-torus knot of kink sohtons on the 
toroidal domain wah. 

Figures |4Fa)-(c) shows three different solutions with 
P = 1. The kink sohton strings form (P, (5) = (1,1), 
(1,2), and (l,3)-torus knots in Figs. [4]^a), (b), and (c), 
respectively, depending on the lump charge Q of the con- 
stituent lumps. Ah torus knots in these figures are topo- 
logicahy equivalent to the trivial knot. Figures [4Fd)-(f) 
and|4jg)-(i) show solutions with P = 2 and P = 3, re- 
spectively. The kink soliton strings form (2,1), (2,2), 
(2,3), (3,1), (3,2), and (3,3)-torus knots in Figs.[4];d), 
(e), (f), (g), (h), and (i), respectively. These knots are 
topologically equivalent to the trivial knot, the Hopf link, 
the trefoil knot, the trivial knot, the trefoil knot, and the 
link of three rings, a knot in which any pair of two strings 
makes the Hopf link, respectively. 

Ali configurations shown in Fig. [4] are located at sta- 
tionary and minimal points of the Lagrangian L = 
/ d^x C. In the original FS model without the poten- 
tial term, different states with the same Hopf charge C 



are topologically equivalent and can be continuously de- 
formed t o each other under continuous changes of n. In 
the case with V {n) 7^ O, configurations with different sets 
of (P, Q) for torus knots of soliton strings are topologi- 
cally distinct due to energy barriers between the knots, 
even when they have the same Hopf charge C. There- 
fore, the configurations can be classified by the two inte- 
gers (P, Q) for torus knots rather than the Hopf charge 
C. Ali independent (P, Q) Hopfions are stable, topologi- 
cally distinct and energetically separated by the potential 
barrier even for the same Hopf number C = PQ. 

In conclusion, we have investigated the extended FS 
model with the potential term given in Eq. ([2]). In this 
model, the Hopfions in the original FS model can be ex- 
pressed as the (P, Q)-toTus knots of kink soliton strings of 
ni = — 1 on the toroidal domain walls defined by 77,3 = O 
interpolating between the two vacua n^ = ±1. The 
toroidal domain walls are constructed as twisted rings 
of constituent lumps, and the two integers P and Q for 
the torus knots of kink soliton strings are the number 
of twists of n along the ring and the topological lump 
charge of the constituent lumps, respectively. The prod- 
uct PQ of the number of twists P and the constituent 
lump charge Q is equivalent to the Hopf charge C de- 
fined in Eq. (B. The Hopfions with the Hopf charge C 
are further classified according to the different types of 
(P, Q) torus knots with fixed C = PQ. Ali of them are 
stable, topological distinct, and energetically separated 
by the potential barrier. 
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